Abstract-Fundamental characteristics of a light-guiding metal line are revealed and discussed through the eigenmode analysis using the three-dimensional (3-D) imaginary-distance beam-propagation method (ID-BPM) based on the alternating-direction implicit scheme. For the present ID-BPM, the multiplication factor of the eigenmode is derived and the paper described how the present method works in the ID procedure. An efficient absorbing boundary condition is described, which is suitable for the eigenmode analysis using the ID-BPM. After confirming the effectiveness of the present method, the characteristics of the light-guiding line composed of a metal (Au) with a finite width and thickness on a substrate (SiO 2 ) are investigated. Numerical results for a metal thickness of 0.2 m show that the effective index and the propagation loss decrease as the metal width is reduced. It is shown that not only the higher order modes but also the first mode has a cutoff metal width. Near the cutoff width, the propagation loss of the first mode ( 10 dB/mm at a wavelength of 1.55 m) is less than those of the higher order modes. Finally, in order to reduce the propagation loss, a dielectric core was added under the metal line.
I. INTRODUCTION

I
T IS KNOWN that a metal line can support surface plasmonpolaritons at optical wavelengths. This has attracted much attention, since the metal may be used as a light-guiding line in integrated optics. Recently, experimental and theoretical investigations have been made for a metal line embedded in a uniform dielectric material. In [1] , the propagation characteristics of long-range plasmon-polariton waves were shown experimentally. The eigenmodes of the metal line were revealed by numerical analyses [2] , [3] .
Investigations have also been given to a metal line loaded on a dielectric substrate because of easiness of fabrication [4] , [5] . The propagation losses were experimentally studied [4] , and the surface plasmon-polariton waves were calculated using the finite-difference time-domain (FDTD) method [5] . There is, however, no theoretical discussion on fundamental characteristics, such as field profiles, effective indexes, and propagation losses, although the knowledge of these characteristics is indispensable for the use of a light-guiding line. These characteristics are found by the eigenmode analysis. To calculate eigenmodes of optical waveguides, numerous methods have been proposed [6] . Of them, the imaginary-distance beampropagation method (ID-BPM) [7] - [10] has often been used as an efficient and convenient technique. Owing to its formulation with complex fields, complex modal fields of lossy waveguides are easily calculated [11] - [14] . The ID-BPM has the advantage that the calculated modal field is readily used as the input field for the propagating beam analysis. In other words, the eigenmode analysis followed by the propagating beam analysis can be performed by a single BPM algorithm. These facts motivate us to apply the ID-BPM to the eigenmode analysis of a metal line.
This paper describes the investigation of the fundamental characteristics of a metal (Au) line loaded on a dielectric substrate SiO using the three-dimensional (3-D) ID-BPM based on the alternating-direction implicit (ADI) scheme. To the best of the authors' knowledge, this is the first application of the ID-BPM to the analysis of a light-guiding metal line.
For the ID-BPM presented in this paper, the multiplication factor of the eigenmode is derived and how the present method works in the ID procedure is described. To obtain the effective index, a technique is adopted for iteratively renewing the reference refractive index. An absorbing boundary condition (ABC) is derived from a modification to the perfectly matched layer (PML) [15] , [16] , which is suitable for the eigenmode analysis using the ID-BPM.
After demonstrating the superiority of the present method over the conventional one, the paper discusses the fundamental characteristics of a metal line at a wavelength of 1.55 m. It is shown that a 3-m-width line with a thickness of 0.2 m supports only a single mode and that an 11-m width supports three modes. The effective index and the propagation loss as a function of metal width is further evaluated. It is demonstrated that these two quantities decrease as the width of the line is reduced. Numerical results reveal that each mode has a cutoff width, e.g., the widths of the first three modes are estimated to be 2.6, 6.3, and 10 m. Near the cutoff width, the propagation loss of the first mode 10 dB/mm is less than those of the higher order modes (losses of the second and third modes are 15 dB/mm and 15.5 dB/mm, respectively). Numerical results obtained from the 3-D BPM are also compared with the analytic solutions of a semi-infinite structure [2] , [17] . It is shown from the comparison that the 3-D analysis is indispensable for the accurate evaluation of a line with a metal width of less than several micrometers.
In order to reduce the propagation loss, a dielectric core is finally added under the metal line. In this structure, a guided mode exists even below the cutoff width of the first mode for the metal line loaded on the dielectric substrate.
II. NUMERICAL METHOD
A. Conventional ID-BPM
Before describing the ID-BPM based on the ADI scheme, here we review the conventional ID-BPM based on the Crank-Nicolson (CN) scheme.
In the ID procedure, the propagation axis is taken to be the imaginary axis . The basic equation of the 3-D semivectorial ID-BPM with the electric field for the quasi-transverse-magnetic (TM) mode is expressed as (1) where in which , and are the free-space wavenumber, the reference refractive index, and the refractive index of the waveguide, respectively. Applying the CN scheme to (1), we have (2) where indicates the position along the propagation axis . The improved three-point finite-difference formula [18] is employed to approximate the spatial derivatives in (2), i.e., is approximated by using , , and , and is approximated using , , and , where and represent the positions along the and axes, respectively. This approximation results in linear equations; each equation to be solved involves five unknowns. As a result, the system of equations becomes a broadly banded matrix.
Here, we derive the multiplication factor of the eigenmode field to see how the eigenmode field is amplified in the ID procedure. An arbitrary input field can be represented as a summation of the eigenmodes in the form (3) where and represent the th eigenmode field and its amplitude (although the summation should include both guided and radiation modes, we here deal with the guided modes only). Each eigenmode must satisfy the wave equation expressed as (4) where is the th effective index. Substituting (4) into (2), we obtain the following relation for the th eigenmode:
As can be seen from (5), the th eigenmode field is amplified by the multiplication factor at each propagation step. In this case, the convergence of the th eigenmode field can be improved by a large , which is obtained in such a way that the denominator of is chosen to be close to zero, i.e.,
However, doing so requires the initial guess of close to the exact value that is unknown in practice. In addition, the resultant broadly banded matrix derived from (2) should be solved by iterative techniques such as the Bi-Conjugate Gradient Stabilized (Bi-CGSTAB) [19] . This is highly time consuming, as discussed subsequently in the paper.
B. ADI-Based ID-BPM
To efficiently solve (1), we apply the ADI scheme [19] to (2) so that (7) Introducing the intermediate field , we obtain the following two-step algorithm:
The spatial derivatives are approximated by the improved threepoint finite-difference formula, as discussed in Section II-A. It is worth mentioning that (8) and (9) maintain tridiagonal matrices, which can be solved by efficient techniques such as the Thomas algorithm.
For the ADI-based ID-BPM, the following relation for the th eigenmode is derived by expanding (7): (10) where It should be noted that, in the multiplication factor , the additional term appears due to the use of the ADI scheme. Unlike (5), a large for a specific mode cannot be determined, since the product of the second derivatives in cannot be replaced with of (4). As an alternative, we therefore employ a technique for iteratively renewing [10] , [18] . In this technique, the effective index is calculated from (11) where the weighted average is introduced to minimize numerical errors [20] , [21] . In the practical calculation, is updated using obtained at the previous step . Since asymptotically converges to (without the initial guess of in (6)), in (10) becomes unity, while eliminating the effect of . After sufficiently long propagation, only the fundamental mode generates without being amplified and the other higher order modes decay (the higher order modes are also obtained using the Gram-Schmidt orthogonalization technique [9] ). Because of , this approach appears to be less efficient than the conventional ID-BPM with a large . However, as will be found subsequently in the paper, the present approach efficiently provides the effective index and propagation loss, since the central processing unit (CPU) time per single calculation step is substantially reduced when compared with the conventional ID-BPM.
C. Absorbing Boundary Condition
When using the conventional PML-ABC for the eigenmode analysis of a metal line, we have observed that the field tends to diverge. To overcome this problem, we make a modification to the PML-ABC.
In the conventional PML region, the second derivative in the direction is transformed as follows [15] :
where (13) in which or and In these equations, is the angular frequency, the permittivity of the free space, the speed of light in a vacuum, the electric conductivity, the maximum conductivity, the distance from the interface between the computational and the PML regions, the thickness of the PML, the order of the polynomial, and the theoretical reflection coefficient.
In the eigenmode analysis using the ID-BPM, the field near the computational window edge is dominated by an evanescent wave, provided that the field is not a leaky wave. This leads to the fact that the phase change hardly occurs in the lateral directions. Therefore, when an ABC is imposed on the computational window edge, only the amplitude of the field should be reduced without affecting the phase. Based on this consideration, we adopt only the real part of (13), while eliminating the imaginary part (similar but not exactly the same treatment can be found in [13] ). This ABC is no longer the PML-ABC, since the impedance matching condition is not satisfied, and the traveling wave cannot be absorbed ( in (13) , which is analytically expressed by a complicated form [15] , [16] for the conventional PML, is empirically determined in Section III-B). In this paper, nevertheless, this ABC is called a modified PML, since it is derived from a modification to the conventional PML. The effectiveness of the modified PML will be discussed in Section III.
III. ANALYSIS OF METAL LINES
We treat the light-guiding metal line shown in Fig. 1 . The refractive indexes of the metal (Au) and substrate SiO are [22] , [23] and , respectively, at 1.55 m. Since the structure is asymmetrical with respect to the axis, only the asymmetrical mode (the so-called mode in [2] ) is supported. In this paper, the conventional nomenclature for a dielectric waveguide, e.g., , is employed for convenience.
A. Preliminary Calculations of Two-Dimensional Structures
Before analyzing a 3-D metal line, we preliminarily evaluate the characteristics of a two-dimensional (2-D) structure, i.e., in Fig. 1 , in order to determine the thickness of the metal. Fig. 2 shows the effective index and the propagation loss as a function of thickness of the metal line, calculated using the 2-D ID-BPM. Note that the mode supported in this model is asymmetric. It is seen that these two quantities increase as the metal thickness becomes thin (this contrasts to the fact that these two quantities decrease for a symmetric mode [2] ). Although not illustrated, this is because the field for the asymmetric mode becomes more confined to the metal with a reduction in the metal thickness [2] . In addition, the increase in the metal thickness leads to the fact that the effective index and the propagation loss approach constant values, with the loss becoming smaller. These values for 0.2 m agree well with those obtained from the following analytic solution for a semi-infinite structure composed of a metal and a dielectric, which are indicated by the solid and dashed straight lines in Fig. 2 [2] , [17] : (14) The real and imaginary parts of (14) correspond to the phase and attenuation constants, respectively. As a result, since the metal with 0.2 m is thick enough to give the constant values of the effective index and the small propagation loss, we choose this thickness in the following 3-D analysis.
B. Validity of the ADI-Based ID-BPM
We discuss the validity of the ADI-based ID-BPM with the modified PML for the analysis of a 3-D metal line. As an example, the metal line with 0.2 m and 3 m is treated. Due to the symmetry of the metal line, only half the section is analyzed in the following analysis.
First, we check the effectiveness of the technique for iteratively renewing . Fig. 3(a) and (b) shows the convergence behavior of the effective index and the propagation loss of the first mode , respectively, obtained from (11) as a function of the number of propagation steps. In this analysis, the sampling widths are chosen to be 0.05 m and 0.01 m, and the propagation step length 0.5 m. The computational window edges are terminated with the modified PML: only the real part of (13) is used. The parameters in (13) , the value of becomes complex. From Fig. 3 , it can be found that the effective index and the propagation loss converge, regardless of the choice of .
Here, we compare the efficiency of the present ADI-based ID-BPM with that of the conventional ID-BPM without the ADI scheme described in Section II-A. For the conventional ID-BPM, we substitute the effective index obtained in Fig. 3 into (6), where is set to be 1.4, in order to obtain an appropriate parameter for fast convergence. The effective index is calculated by the following variational expression without using the weak form: (15) where the superscript represents the complex conjugate. The real and imaginary parts of (15) correspond to the phase and attenuation constants, respectively. Table I shows the number of propagation steps and the CPU time, which are required to obtain the converged values of the effective index and propagation loss (decibels per millimeter) up to six and two decimal places, respectively (the converged values obtained from (11) in the present ID-BPM are exactly the same as those from (15) in the conventional ID-BPM). The calculations are carried out on a 3.2-GHz PC. As found in Table I , the present ADI-based ID-BPM yields a substantial reduction in CPU time, although it requires a number of propagation steps. For the conventional ID-BPM, the long CPU time results from the solution of a broadly banded matrix. Further calculation using the conventional ID-BPM reveals that a slight deviation from the exact effective index gives rise to slow convergence: 39 steps and 3189 s are required when using an effective index of 5% larger than that in Fig. 3 . As a result, the ADI-based ID-BPM efficiently provides the numerical results without any knowledge of the effective index, while the conventional ID-BPM requires knowledge of the exact effective index.
Next, we discuss the performance of the modified PML. Since the field for 3 m extends toward the substrate as will be shown in Fig. 5(a) , the width of the computational region in the direction affects the accuracy of the numerical results. Therefore, we investigate to what extent the computational region in the direction can be reduced when using the modified PML, where the width of the direction is fixed to be 0 m 15 m. Fig. 4 (a) and (b) shows the effective index and the propagation loss, respectively, as a function of width in the direction that includes a PML thickness of 0.5 m. It is noteworthy that for the modified PML, the width in the direction can be reduced to 3 m. For reference, also included in Fig. 4 are the results obtained using the zero boundary condition. In this case, the width should be 14 m to obtain the same results as those calculated using the modified PML.
C. Characteristics of Three-Dimensional Structures
Since the validity of the present ADI-based ID-BPM has been demonstrated, the characteristics of the metal line are investigated in detail. Fig. 5 shows the eigenmode fields of the TM mode for 3 m and 11 m. As illustrated in Fig. 5 , the metal line for 3 m supports only , while that for 11 m supports , and . To investigate the mode field profile around the interface in detail, we illustrate in Fig. 6 the cross section of the field distributions for 3 m and 11 m, observed at . It can be seen that the field is localized around the interface. For reference, also included is the field for the 2-D structure, i.e., , which is calculated by the 2-D ID-BPM. The field for 11 m is almost the same as that for . When compared with the field for 11 m, the field for 3 m extends further into the substrate.
We next evaluate how the effective index and the propagation loss depend on the width of the metal line. Fig. 7(a) and (b) shows the effective index and the propagation loss, respectively. It is seen that these two quantities decrease as becomes small. Careful examination of the results shows that , and are cut off at 2.6, 6.3, and 10 m, respectively. This fact contrasts with the symmetrical mode observed for a metal line embedded in a uniform dielectric material [2] , [3] . Near the cutoff width, the loss of is smaller than those of the higher order modes. The decrease of the propagation loss is attributed to the reduced metal region that absorbs the field and the resultant extended field toward the substrate. The extension of the field also leads to the fact that the effective index approaches the refractive index of the substrate , as shown in Fig. 7(a) .
Note, for a specific metal width, that the propagation loss of the higher order mode is smaller than that of the lower order mode. One reason of the small loss stems from the extended field of the higher order mode, when compared with that of the lower order mode.
In Fig. 7(a) and (b) , the results for obtained in Section III-A are also included. As expected from the agreement between the fields for 11 m and in Fig. 6 , the propagation loss of the former is close to that of the latter. For a narrow metal width, however, the results of the 3-D structure deviate from those of the 2-D one. Also note that the results of the 2-D structure cannot predict the characteristics of the higher order modes. As a result, the 3-D analysis is indispensable for the accurate evaluation of a metal line with a width of less than several micrometers.
D. Reduction in the Propagation Loss
Although the metal line loaded on the substrate is easy to fabricate, its propagation loss is larger than that of the metal line embedded in a uniform dielectric material. To reduce the propagation loss, we add a dielectric core 3 m under the metal line, as shown in Fig. 8 . The refractive index is chosen to be 1.5, in which the dielectric waveguide without the metal 0 m supports only a single mode at 1.55 m. Fig. 9 illustrates the cross section of the field distributions for several values of , observed at . It is seen that, as is reduced, the mode gradually changes from the surface plasma-like mode to the guided mode of the dielectric waveguide. The localization of the field around the interface is observed for down to 1.3 m.
Note that for the metal line with the embedded core, a mode exists even below the cutoff width (2.6 m) of the first mode for the metal line loaded on the dielectric substrate discussed in Section III-C. Therefore, it is expected that the propagation loss should be reduced for a narrow metal width. Fig. 10 depicts the propagation loss as a function of . As can be seen, the propagation loss reduces with a reduction in . For 1.3 m and 1.5 m, the propagation losses are calculated to be 5.6 and 8.7 dB/mm, respectively. These values are smaller than that of 10 dB/mm for the metal line with 2.6 m on the uniform dielectric substrate.
IV. CONCLUSION
This paper discussed the eigenmode of the light-guiding metal line loaded on a dielectric substrate using the ADI-based ID-BPM. It is confirmed that the present method efficiently offers the complex mode of the metal line. For the metal line on the substrate, it is found that the effective index and the propagation loss decrease with a reduction in the metal width. The decrease of the propagation loss is attributed to the reduced metal region that absorbs the field and the resultant extended field toward the substrate. A comparison of the results obtained from the 3-D BPM and the analytic solution of the semi-finite structure shows that the 3-D analysis is required for the accurate evaluation of a light-guiding line with a metal width of less than several micrometers. To reduce the propagation loss, a dielectric core under the metal line was added.
Throughout this paper, the semivectorial BPM was employed, which ignores mixed derivatives in coupled-wave equations. The full-vectorial analysis is left for a future study.
